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Dynamics and lateral interactions of dipolar chains

Eric M. Furst* and Alice P. Gast†

Department of Chemical Engineering, Stanford University, Stanford, California 94305-5025
~Received 25 June 2000!

The dynamics and lateral interactions of dipolar chains in magnetorheological suspensions determine the
long-time microscopic structure and resulting rheological response. In this paper we characterize proposed
lateral interaction mechanisms and their implications for long-time coarsening of structure and compare them
to direct measurements of the lateral interaction of dipolar chains using optical trap micromanipulation. We
observe a long-range far-field attraction between flexible chains, while the near-field interaction can be repul-
sive or attractive. At high field strengths, we observe the short-range attraction of rigid chains. Chain dynamics
measured with videomicroscopy and diffusing wave spectroscopy are described by a local-mode model and are
consistent with fluctuation-mediated interaction theories. The subdiffusive behavior at intermediate and long
times scales ast0.75, identical to semiflexible molecules. Finally, we show examples of how defects in chains
can create lateral attractions or repulsions.

PACS number~s!: 82.70.Dd, 83.10.Pp, 83.20.Hn
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I. INTRODUCTION

Magnetorheological~MR! suspensions consist of supe
paramagnetic particles dispersed in a nonmagnetic fl
Like all colloidal systems, the rheological properties of M
suspensions are intimately tied to the microscopic struc
and interparticle forces@1#. During the application of an ex
ternal magnetic field to a MR suspension, the particles
quire dipole moments proportional to the field streng
When the field-induced interaction between particles is
sufficient excess of the thermal energykT, the particles rap-
idly aggregate into chains of dipoles aligned in the field
rection. This microstructural transition is responsible for
dramatic rheological transition, demonstrated by the sud
onset of a large yield stress. The tunability, speed, and m
nitude of the rheological response make MR suspension
tractive for interfacing mechanical systems to electronic c
trols. Several commercial passive and semiact
applications already exist, with more expected in the futu
including the possible use of MR suspension dampers to c
trol a building’s response to seismic events@2,3#

In this paper we focus on the dynamics and mechani
determining the behavior of MR suspensions beyond the
tial formation of individual dipolar chains. For instance,
has been observed that once long chains form they late
coalesce to create columns or networks in more concentr
suspensions@4,5#. Therefore, the physical description o
chain coalescence responsible for lateral aggregation is
sential for understanding the structural evolution in MR s
tems, especially as the volume fraction increases.

The surprising fact that chains of dipolar particles c
attract one another at long range to form aggregates ha
to the development of several models@6–9#. The first theory
to predict long-range interaction of dipolar chains is due
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Halsey and Toor~HT! @6,7#, who noted that the coupling o
strong Landau-Peierls thermal fluctuations of chains indu
a Keesom-like interaction between them. More recent m
els expand the HT theory to take into account the time sc
of interaction @8,9#, and a recent work by Martin and co
workers considers the effects of topological defects in cha
to show that the resulting perturbations in the local late
field can drive coarsening in the absence of thermal fluct
tions @10#.

It still, however, remains to understand the microsco
lateral interaction in detail. Experimental observations
limited, and usually infer suspension structure and unde
ing interactions from videomicroscopy, static light scatte
ing, and optical transmittance@4,9–12#. In this paper, we
utilize our ability to manipulate dipolar chains with optic
traps to measure the lateral interactions directly. We w
begin in Sec. II with an overview of several theories of t
lateral interaction of dipolar chains, including the interacti
of rigid chains and the effects of thermal fluctuations a
chain defects. We focus on the regimes of applicability
the various lateral interaction theories, illustrating that ea
mechanism applies to a distinct range of suspension con
tration and field strength.

In Sec. III we present the experimental techniques use
study lateral chain interactions, including our use of opti
trapping and videomicroscopy. We characterize the dyna
ics of dipolar chains over a range of interaction strengths
determine whether or not the actual dynamics of dipo
chains are consistent with the theories of fluctuation-ba
interactions. Using optical trapping, we apply micromanip
lation and dynametric capabilities todirectly measure latera
chain interactions in the far and near fields, and observe
effects of chain rigidity and finite length. The results of o
experiments are discussed in Sec. IV. Finally, we summa
this work in Sec. V.

II. LATERAL INTERACTIONS AND STRUCTURAL
COARSENING

A. Rigid chain interaction

Chains of rigid dipoles are expected to exhibit short-ran
interactions. We follow the derivation of Halsey and To

e,

c-
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who solved the electrostatic problem to calculate the lat
field around an infinite chain of dipoles, showing that it d
cays exponentially with distancer in the plane orthogonal to
the chain. Simply extending this solution to the magne
case yields

H~r,z!'2~2p!2S m

4pm0r2a
D S a

r D 1/2

e22pr/acos~2pz/a!,

~1!

wherez is the position along the chain in the applied fie
direction, m is the particle moment, andm0 is the vacuum
permeability. In Eq.~1!, the lateral field surrounding th
chain gives rise to either a repulsive or an attractive inter
tion depending on whether the particles in neighbor
chains are in or out of registry. The lateral interaction b
tween two chains is an integral over the dipole moment d
sity with the field,

U~r!5
2

4pm0LE0

L

dzFm(
n

d~z22na!GH~r,z!

56~2p!2
2m2

4pm0r2a
S a

r D 1/2

e22pr/a, ~2!

noting that the particle positions are denoted as points s
rated by a lattice spacing of 2na using the Dirac delta func
tion d(z).

The lateral interactions in electrorheological~ER! suspen-
sions, the electrical analog to MR systems, can in genera
treated as infinite chains of dipoles due to image char
induced in the conducting electrodes. In the MR suspensi
this is typically not the case, since the boundary is ofte
low-permeability material. Consequently, magnetic cha
may have significant interaction between the free dipole
each of the ends. We illustrate this by calculating the int
action of rigid dipolar chains of finite length.

The details of our calculations are described in@13#.
Briefly, we account for mutual induction between particl
and self-consistently solve the magnetic moments and in
actions between particles for arbitrary arrangements by
merical iteration. The magnetic moment of each particlei is

mi5
4

3
pa3m0xFH01(

j Þ i

3r̂ ~ r̂•mj !2mj

4pm0r 3 G , ~3!

where the summation takes into account the induced fi
from all other particles. Pairs of particles interact via an a
isotropic dipolar potential

Ui j
dip5

1

4pm0

mi•mj23~ r̂•mi !~ r̂•mj !

r 3
. ~4!

r is the vector between particle centers andr̂ is the unit
vector r /r .

To calculate the interaction, two chains of 50 particles
aligned parallel to one another along the field axisz and the
total energyUtot5( i( j . iUi j

dip determined as a function o
lateral separationr. In Fig. 1 we illustrate several cases
chain interaction. For aligned chains, the interaction chan
al
-
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from the far field to the near field. Forr.2d the energy is
repulsive because the chain ends dominate the interaction
distancesr,2d, the interaction is strong and either repu
sive or attractive depending on whether the particles
neighboring chains are in or out of registry, similar to t
behavior of infinite chains discussed above. In Fig. 1 we a
show that the interaction of chain ends can be minimized
offsetting the chains along thez axis, in this case by half the
chain length,N/2. This eliminates the far-field interaction
leaving only a near-field attraction or repulsion depending
the registry of the particles. Note thatUtot scales withl in
all cases.

Equation~2! shows that the interaction between two dip
lar chains is the integral of the lateral field with the dipo
moment density. For the case of rigid chains, the partic
occupy discrete lattice spacings. In a real system, howe
we expect thermal fluctuations of chains and defects to ca
variations in the dipole moment density and thus the late
interaction chains experience. These considerations were
addressed by Halsey and Toor@6#, and will be discussed
below.

B. Halsey-Toor model

As one-dimensional structures suspended in a th
dimensional fluid, dipolar chains exhibit strong Landa
Peierls fluctuations@14#. Halsey and Toor show that thes
fluctuations result in long-range coupling between dipo
chains, which results in an attractive interaction with
power-law decay@6#. This is not entirely surprising, sinc
fluctuation-induced interactions are common in colloid s
ence. Examples of interactions generated through ther
and quantum fluctuations include the London and Kees
interactions@15#. Here we briefly consider the HT model an
identify its principal results.

According to the HT model, longitudinal and transver
particle fluctuations of wave vectork in a dipolar chain cre-
ate local variations in the concentration of dipoles. This
turn introduces fluctuations in the lateral field. The total
teraction energy of two chains is the sum of the interact
energy between their fluctuations and the energy of defor

FIG. 1. The calculated interaction between rigid dipolar chai
Dashed and solid lines indicate that particles in the neighbo
chain are in registry or out of registry byd/2, respectively. A far-
field repulsion is observed for chains with aligned ends. Cha
offset byN/2 exhibit only the short-range attraction.
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6918 PRE 62ERIC M. FURST AND ALICE P. GAST
tion required for the fluctuation mode.
Halsey and Toor first find the interaction energy of

chain with a lateral field with a neighboring chain. To fir
order in the deformation, the transverse fluctuations perp
dicular to the plane defined by the chains do not contribut
the interaction energy. More importantly, the interaction h
a strong peak atkr.1, which indicates that only fluctuatio
modes with wavelength on the order of the separation
tance will interact strongly. The deformation energy due
the fluctuation mode depends one l ande t , the longitudinal
and transverse stiffness energies, which scale asm2/m0a3.

The total energy contributes to the partition function
sulting in the free energy for the chains,

F~r!52176
kBT

2p

La4

r5
, ~5!

as a power-law decay. It is important to note that the cal
lated interaction is independent of the applied field streng
Although higher field strengths increase the interaction
ergy, the effect is canceled by a suppression of the fluc
tions as the chains stiffen. In fact, this can be derived
assuming an acoustic spectrum for the phonon modes, no
that equipartition giveŝ uu(k)u2&5kBT/ek2, where e is
again an elastic energy for the fluctuation mode,e
;m2/m0a3. Halsey and Toor show that the mean-squa
field around a fluctuating chain scales as

^H2&;
m2kBT

m0
2r4a2e

;
kBTa

m0r4
. ~6!

Unlike the rigid dipolar chains, the root mean-square late
field for fluctuating chains decays as a power law and
independent of field strength.

C. Modified Halsey-Toor model

The independence of lateral interactions of the fi
strength predicted by the HT model has motivated sev
studies of chain dynamics and structural formation in M
and ER suspensions@9,12,16,17#. In their study of ER sus-
pension coarsening, Martin and co-workers observe a pow
law dependence of the suspension coarsening with the
plied field strength in disagreement with the HT mod
@9,12#. They proposed an extension of the HT model th
accounts for this dependence on field strength, although
basic premise of the modified Halsey-Toor~MHT! theory is
the same—thermal fluctuations of chains induce interacti
that drive the lateral coalescence.

Martin et al. note that a chain with a dipole moment p
unit lengthm/a;m0xa2H interacts with the mean-square
lateral field induced by chain fluctuation. Using Eq.~6!, the
interaction energy per unit lengtha is on the order

U;~m/a!^H2&1/2;
xH~m0kBT!1/2a5/2

r2
~7!

and can be either repulsive or attractive.
The time scale for chain coalescence is found by bala

ing the fluctuation force experienced by a chain segmenj
from Eq. ~7! and the viscous drag on the segment. When
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coalescence time scaletc is much shorter than the characte
istic relaxation time of the fluctuationst f , the fluctuations
persist long enough to drive the coarsening process.
mechanism is favored by the fact that fluctuations with lo
wavelengthsk;r dominate the lateral field@6#. However,
the condition thattc!t f is generally applicable only in mod
erately to highly concentrated suspensions where the in
chain separation will be small. For instance, Martinet al.
investigated ER suspensions with volume fractionsf;0.03
@12#.

Fermigier and Gast also observed the side-by-side coa
cence of dipolar chains@4#. In their study, the two-
dimensional aggregation kinetics of superparamagnetic la
particles were observed with microscopy. At sufficien
high particle surface fractions (fe;0.03), the suspension
rapidly forms long, concentrated chains in the field directio
The interchain spacing is small, and the authors obser
lateral chain coalescence through a ‘‘zippering’’ motion. T
chains contact in one spot and the remainder of the chain
both sides of the contact zips together rapidly. These ob
vations are consistent with MHT theory in which a larg
amplitude fluctuation draws two chains together and initia
the aggregation before having enough time to relax. Unf
tunately, the field dependence of this process was not s
ied.

D. Defect-driven interaction

Both the HT and MHT models show that the therm
fluctuations of dipolar chains create a long-range lateral fi
that increases the range of interaction driving the suspen
coarsening. Likewise, chain defects also create local va
tions in the dipole moment density along a chain and br
the symmetry of the lateral field. In another recent wo
Martin et al. used computer simulations of dipolar suspe
sion aggregation to show that coarsening can occur in
absence of thermal fluctuations@10#.

This defect-driven coarsening is discussed for conc
trated suspensions (f;0.05–0.50), which have a greate
tendency to form highly irregular chains. In their simulatio
visualizations, Martinet al. showed that single particles o
groups of particles tend to cling to the sides of chains, wh
causes them to interact strongly in the absence of ther
fluctuations, driving them toward further coarsening. Simi
defective structures were experimentally observed for M
suspensions@13#.

E. Interactions and coarsening

As we discussed in the preceding sections, several ph
cal processes account for the lateral interaction of cha
including the behavior of rigid chains, thermally induced i
teractions in the HT and MHT models, and defect-driv
interactions. It is useful to consider under what conditio
each of these processes will dominate the long-time coar
ing of dipolar suspensions. We expect the strength of dipo
interactions and the volume fraction to play particularly im
portant roles. The dipole strength influences the stiffness
chains, the thermal modes excited, and the potential for
netic trapping of chain defects. As the volume fraction
creases we move from dilute chains that form slowly a
interact over long separations to systems where chains g
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rapidly and in close proximity. Figure 2 shows how o
might partition these regimes of concentration and inter
tion strength to underlying interactions. This figure is me
to be illustrative and considers a system in which a dc fiel
applied instantaneously. In contrast, ramping the field m
limit the formation of defects, since structures will not b
kinetically pinned into defective chains as they begin
form.

At low concentration, the chains are dilute and well se
rated. In the limit of low field strengths (l<5), the chain
length equilibrates and further suspension coarsening is
pressed@4#. At higher dipole strengths, long-range intera
tions between fluctuating modes will play the domina
mechanism in chain coalescence, and therefore the
model will describe the coarsening. At very high dipo
strengths and low concentrations, relatively uniform cha
form. These chains are too rigid to interact significan
through fluctuations, and may not coarsen at all under cer
conditions. For instance, Fradenet al. observed no latera
coarsening in an ER suspension confined to the solid-liq
interface, presumably because the volume fractions li
chains to long separations and the two-dimensional diffus
time diverges as the chains grow@18,4#. Instead, the author
observed linear aggregates partitioning the space into st

At higher concentration, the separation between cha
decreases. As the fluctuation amplitude scales withr, the
MHT model becomes applicable. In this regime, chains
tract and coalesce before a fluctuation relaxes. As discu
above, this is consistent with observations of chain zipper
mechanisms and may explain the field dependence of l
scattering studies of suspension coarsening@12#.

Lastly, as we move to high dipole strengths at moder
and high particle concentrations, defective chains form as
structure is effectively pinned into configurations determin
by the aggregation kinetics with little or no ability for furthe
rearrangement. The defect-dominated region will be hig
influenced by particle roughness, which contributes to p
ning, as well as size polydispersity and magnetic hetero
neity.

Again, we emphasize that Fig. 2 is meant to illustrate
dominant interactions that may drive coarsening, start
from an initially disordered suspension and applying an
stantaneous, dc field. If we imagine bringing two fluctuati

FIG. 2. Dominant mechanisms of lateral interactions with
spect to regimes of dipolar interaction and initial volume fractio
The dashed, gray lines indicate regions where experiments w
conducted.
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chains together from infinite separation, the interaction in
far field may be HT-like, while at closer separations, we m
observe elements of rigid and MHT behavior. For instan
the gray, dashed lines in Fig. 2 illustrate the regions relev
to our optical trapping experiments. By starting with flexib
chains at fairly long separations, we investigate the far-fi
fluctuation-mediated interactions between chains. Beca
the fluctuation relaxation time is much less than the agg
gation time in this case, the dominant interaction should
governed by the HT model. By reducing the separation
tween chains, the aggregation time approaches the fluc
tion relaxation. We expect, then, that the near-field behav
will be dominated by MHT-like behavior. If instead we in
crease the dipole strength to large values, the finite chains
examine should stiffen to the point where fluctuations
significantly damped, and the chains will behave as ri
chains.

III. EXPERIMENTAL METHODS

Systems and techniques

To examine lateral interactions by direct microscopic m
nipulation, we use a ferrofluid emulsion synthesized follo
ing the fractionation method due to Bibette@19#. A mixture
of ferrofluids~Ferrofluidics, EMG 905 and EMG 909!, com-
posed of monodomain Fe3O4 particles~100 Å! suspended in
a hydrocarbon, is emulsified into water using sodium do
cyl sulfate, SDS~Sigma, cmc5 2.351 g/ml!. The rough
emulsion, consisting of particles between 0.1 and 10mm in
diameter, is fractionated through seven to nine succes
depletion aggregations with SDS micelles. The particles
monodisperse and exhibit a superparamagnetic respons
an applied field. We take advantage of this uniformity
particle shape, magnetic homogeneity, and size monodis
sity to limit the contribution of defects in our experiments

Our laser tweezers consist of two independently c
trolled traps generated by focusing an expanded beam f
the 514.5 nm line of an Ar1 laser ~Lexel 95A! through a
633NA1.2 water immersion microscope objective~Zeiss
C-Apochromat!. Force measurements on the order of 0.1
10 pN can be made by measuring the displacement o
particle from the trap center. The traps are calibrated for e
experiment by measuring the displacement of a pl
3.5 mm polystyrene~PS! bead held far from surrounding
interfaces (*50 mm) while the sample stage is translated
known velocitiesU in a medium with viscosityh, thus im-
parting a drag force of 6pahU. The displacement of the
bead is analyzed by finding the center of mass of a thre
olded image, with a position sensitivity better than 30 n
The trap stiffness and maximum trapping force can be v
ied. Typical maximum trapping forces range between 3 a
12 pN.

Strong radiation pressure from scattering and absorp
due to the presence of iron oxide grains in the MR partic
prevents us from trapping them. We apply the same ‘‘teth
handle’’ approach to manipulating chains described for
micromechanical experiments in Ref.@13#. Plain,
streptavidin-coated polystyrene spheres are physically in
porated into the chain using an attached biotinylated m
netic bead. The PS spheres act as ‘‘tethers’’ with which
can manipulate the dipolar chains.
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6920 PRE 62ERIC M. FURST AND ALICE P. GAST
Figure 3 shows a video image of two chains interacti
In most of the experiments described here, one chain is
stationary while the other is initially positioned within 10–1
particle diameters and released. The chains slowly appro
until they coalesce. The trapped tether on the station
chain allows us to measure the force experienced by
chain due to lateral interaction with the free chain. The fo
is determined by measuring the displacement of the tethe
the trap. To minimize torque on the stationary chain,
select chains with the tether positioned close to the cen
We can also measure the interaction between two chain
fixed separation by holding both chains with the laser tra
This is especially useful for measuring the interaction
fixed separations while the dipole strength is varied.

In order to interpret the lateral interactions betwe
chains, we characterize their mechanical stiffness and fl
tuation dynamics using videomicroscopy. Samples are
pared identically with the exception that no tether hand
are introduced. We form dilute chains up to 50mm long in
a dc field between 5100 and 6400 A/m (l5610–960). We
observe the fluctuations of the dipolar chains microscopic
as the interaction strength is varied betweenl5150 and 610
(H52500–5100).

Images of isolated fluctuating chains are captured t
video recorder and transferred to a computer in the form
image stacks. Individual frames are captured at 10 Hz.
chain center is found by stepping along each image p
column and fitting a Gaussian to the central intensity pe
While more computationally expensive, the Gaussian fit p
vides excellent spatial resolution. It is known that cent
finding routines that identify intensity maxima are able
locate centroids to within one-half a pixel@20#. For a Gauss-
ian fit, the standard deviation of the position measuremen
easily reduced to 1/10 pixel@21#. Typically, our position
accuracy is;0.12 pixel, corresponding to a spatial reso
tion of 15 nm. We show a sample image of a chain in Fig
The central line marks the chain center found using im
processing. This data representation of the chain is then
lyzed to extract the amplitude and relaxation time of lon
mode lateral fluctuations.

FIG. 3. Two chains exhibiting lateral attraction and subsequ
coalescence. The bottom chain is held stationary with an op
trap while the top chain is left free to translate. The scale ba
10 mm.
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IV. RESULTS AND DISCUSSION

A. Chain dynamics

In Fig. 5 we plot the root-mean-squared transverse d
placement ^d2(s)&1/2 versus the separation between tw
points on the chain scaled by the particle diameters/d at
dipole strengthsl5150,240, and 610. As expected, the ma
nitude of fluctuations decreases with increasing dip
strength, indicating the stiffening of the chains as the int
action between particles becomes stronger. At the high
field strength,l5610, the end-to-end deviation is on avera
less than one-tenth of a particle diameter.

The constrained motion of particles within dipolar chai
should be similar to the dynamics of other colloidal agg
gates, including the dynamics of fractal colloidal gels.
fact, here we show that the local-mode model developed
Krall and Weitz @22# to describe the internal dynamics o
colloidal gels can be used to model the fluctuations of di
lar chains over a broad range of length and time scales.
similarity of behavior is not entirely surprising, since line
chains are essentially aggregates with a fractal dimen
df51.

In an overdamped system such as dipolar chains or fra
aggregates, fluctuations are localized to a lengths. The con-

t
al
is

FIG. 4. Sample frame of fluctuating dipolar chain. The solid li
traces the center of the chain found by our image processing a
rithm. Note that the vertical axis has been magnified by a facto
20.

FIG. 5. Root-mean-squared amplitude of long-wavelength fl
tuations versus fluctuation mode for a dipolar chain. The cur
represent quadratic fits to the data, in agreement with the lo
mode model. Scaling thed with l1/2 collapses the data~inset!. The
scaling is consistent with HT and MHT theories.
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tribution of a mode of lengths to the mean-squared displac
ment of a chain segmentj is

^Dr j
2~ t !&5

2kBT

n~s!k~s!
@12e2t/t(s)#. ~8!

The relaxation time scale is determined by viscous relaxa
t(s)56phs/k(s). The amplitude of the local fluctuatio
given by Eq.~8! is found by equipartition, noting that th
energy localized within a regions is reduced by the numbe
of regions of the same size,n(s)5N(a/s), whereN is the
total number of particles in the chain. The length-depend
spring constant isk(s)5k0(a/s)b, wherek0 is the effective
spring constant between two particles in the chain andb
521db53 is the elasticity exponent as a function of t
bond dimension@23,24#. As in fractal colloidal gels, this
length dependence reflects the fact that pulling on the ag
gate causes it to unbend rather than stretch@24#. We demon-
strated this in our previous work by applying linear tensio
to chains with optical traps and measuring the resultant sm
strain increases consistent with unbending@13,25#.

We can estimatek0 by considering the energy required
displace a particle laterally by a distanced from an otherwise
straight chain. The point dipole interaction energy betwe
two particles along the chain separated byn other particles
may be written for smalld as

Un5
ld3kBT

2 F 1

~n2d21d!3/2
2

3n2d2

~n2d21d!5/2G , ~9!

whered is the particle diameter. From Eq.~9!, the restoring
force is Fn(d)52]U/]d. Expanding this force aroundd
50 and keeping linear terms, we identify the spring const
kn ,

Fn~d!52knd5
26lkBT

d2n5
d. ~10!

To find k0, we take into account long-range interactio
along the chain by summingkn over all neighboring par-
ticles,

k052(
n51

`
6lkBT

d2n5
5

12z~5!lkBT

d2
, ~11!

where the zeta function isz(5)5(n51
` (1/n5)'1.037.

Substituting our expressions for the spring constantk(s)
and the number of modesn(s) into Eq. ~8!, we expect fluc-
tuation amplitudes to scale ass2,

d~s!

d
5S 8

3z~5!Nl D 1/2S s

dD 2

. ~12!

Quadratic fits to the data in Fig. 5 show that the obser
fluctuations are consistent with this scaling. The local-mo
model also predicts that the amplitude will scale with int
action energy asd;l21/2. By multiplying the measured am
plitudes byl1/2 we collapse the data and verify this relatio

We can extend our analysis of chain dynamics to a br
range of time and length scales by applying the local-m
n

nt

e-

s
ll

n

t

d
e
-

d
e

model to the dynamics probed using light scattering te
niques. In a previous paper@26#, we presented chain dynam
ics in terms of the mean-squared displacement^Dr j

2(t)& with
time measured using diffusing wave spectroscopy~DWS!.
DWS probes chain motion on timescales from 1ms to 1 ms.

To find the motion of a chain segment due to the lo
dynamical modes, we integrate over fluctuations of
lengths weighted by the density of modes2dn(s)/ds to find
the mean-squared displacement with time. Nondimensio
izing length with respect to the particle diameterd and time
with respect to the characteristic diffusion time for a partic
t85tD0d22 yields

^Dr j
2~ t8!&d22

5
1

6z~5!l
E

0

N

ds8s82$12exp@212z~5!ls824t8#%,

~13!

which can be written in terms of complete and incomple
gamma functions,

^Dr j
2~ t8!&d225

4N32@12z~5!lt8#3/4

12 F3GS 2
3

4D14GS 1

4D
23GS 2

3

4
,
12z~5!lt8

N4 D G ~14!

where G(z)5*0
`tz21e2tdt and G(z,a)5*a

`tz21e2tdt. At
short times, Eq.~14! scales ast0.75. In Fig. 6 we compare the
mean-squared displacement measured using DWS to
local-mode result.

The subdiffusive behavior is captured by the local-mo
model with excellent quantitative agreement, especially si
it should be noted that there are no adjustable parame

FIG. 6. Root-mean-squared displacement versus dimension
time t85tDsd

2 for dipolar chains at field strengthl54 ~open
squares! and l516 ~open circles! using DWS results from Ref.
@26# compared to the local-mode model of Krall and Weitz@22#
~dashed lines!. At short times, the chains exhibit a crossover fro
diffusive ~solid line! to subdiffusive motion. The subdiffusive re
gime scales ast0.75, unlike simulations~crosses!, which exhibit
Rouse-like behavior.
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The mean-squared displacement scales as^Dr j
2(t)&;t0.75 for

all but the shortest times, in agreement with the model.
l516, we find ^Dr j

2(t)&;t0.75 over two decades. At the
earliest times, the DWS experiment captures the cross
from diffusive to subdiffusive motion, which is not describe
by the local-mode model. The crossover time decreases
increasing chain stiffness.

The t0.75 scaling is identical to the dynamics of transver
fluctuations of semiflexible polymer molecules, such as a
@27,28#, and is characteristic of the dynamics of an inco
pressible linear system with finite bending energy. We wo
therefore not expect the dynamics of dipolar chains to
described by the Rouse or Zimm models for flexible polym
molecules, which predict̂Dr j

2(t)&;t0.5 andt0.67 scaling, re-
spectively @29#. It is interesting to note that the Brownia
dynamics simulations reported in@26# also demonstrate th
diffusive to subdiffusive crossover; however, in the simu
tions the subdiffusive mean-squared displacement scale
t0.5, as demonstrated in Fig. 6. Thus, the simulations pre
behavior identical to the Rouse model, and in disagreem
with the local-mode model. Granek has shown that hydro
namic interactions in linear systems make only a marg
contribution to the relaxation@27#; therefore, it is more likely
that the neglect of dipolar interactions beyond the nea
neighbors along the chain in the Rouse model and sim
tions is responsible for the disagreement at long times.

Combining DWS and videomicroscopy, we probe dyna
ics on time scales over six decades. For all but the sho
time scales, the local-mode model agrees with the obse
dynamics. The local-mode model shows that the fluctuati
of dipolar chains are consistent with the stiffness of a ch
scaling withl, or equivalentlyH2. This is particularly im-
portant result for the HT theory, since the increase in st
ness, and subsequent decrease in fluctuations, exactly ca
the increase in the dipolar interaction. As discussed in S
II, the theoretical result is a fluctuating lateral field and l
eral interaction that is independent of the applied field.

B. Measured interactions

Direct measurements of lateral interactions are influen
by the length of the chains, relative orientation, and dip
strength. It is important to distinguish far-field and near-fie
behavior as well. As we discussed above in Sec. II, ri
chains interact weakly in the far field. As the chain flexibili
increases, the far-field interaction will favor coupling b
tween fluctuating modes, as described in the HT model.
these separations, the fluctuations relax before they can
tribute significantly to a MHT-like interaction. As the sep
ration is decreased to the near field, the relaxation of fluc
tions plays a more significant role. Eventually, cha
exhibiting sufficiently strong fluctuations will interact befo
the mode can relax, similar to the zippering mechanism
served by Fermigier and Gast@4#. If the chains are con-
strained and stiff, the interaction will reflect the increas
rigidity. Here we attempt to understand the measured lat
interactions between dipolar chains in this context, tak
into account their fluctuation behavior. We discuss th
cases that highlight the diverse behavior: in the first case
observe a long-range, purely attractive interaction betw
flexible chains, as predicted by the HT model. In the sec
r
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case, we measure the interaction between two short, r
chains and show that the interaction is repulsive in the
field and attractive only at much closer separations than
fluctuating chains. Finally, in the third case we demonstr
that the near-field behavior of fluctuating chains is not n
essarily purely attractive, but can exhibit strong and sud
changes between attraction and repulsion. We follow this
showing that these deviations increase in intensity and d
tion as the field strength increases.

In the first case, two chains laterally attract atl5340 and
coalesce, as shown in Fig. 3. The bottom chain is held
tionary while the top chain is initially held, positioned, the
released. The inset in Fig. 7 shows the average chain s
ration versus time as the free chain slowly moves toward
stationary chain. As the chain separation decreases, we
sure an increasingly strong lateral attraction by the displa
ment of the stationary tether. When the force is plotted v
sus the chain separation in Fig. 7, it becomes apparent th
long-range attractive interaction, starting at a separatior
'8d, draws the chains together. The maximum measu
attraction averages 0.560.2 pN.

Figures 8 and 9 show a similar experiment conducted
l5610 where we see startlingly different behavior. T
chains are short and rigid; by videomicroscopy, the long
fluctuation mode has an amplituded;0.05d. As shown in
the inset of Fig. 9, the chains repel one another when t
are initially held at a separationr54.8 mm and one is re-
leased. We reposition the chains closer and again they p
apart. Only when the chains are separated by&4d do they

FIG. 7. Lateral force between fluctuating dipolar chains a
corresponding chain separation with respect to time~inset! for l
5340. The chains exhibit a long-range attractive interaction.
image of the chains is shown in Fig. 3.

FIG. 8. Two short chains atl5610. The corresponding force
profile is shown in Fig. 9. The scale bar is 10mm.
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attract one another. The force profile measured during
experiment is shown in Fig. 9. Unlike the previous case,
do not observe a long-range lateral interaction between
chains. Instead, the behavior of the chains closely resem
the calculated interaction for two aligned, rigid chains d
cussed in Sec. II A and depicted in Fig. 1. Both the calcu
tions and experiments exhibit a far-field repulsion and ne
field attraction, and the range of these interactions is m
less than those for flexible chains.

Stepping down the interaction strength, a measuremen
two long chains atl5240 is shown in Figs. 10 and 11. Lik
the first case, the interaction begins at a long range and d
the chains together. The separation with time and the va
tion of force with separation are shown in Fig. 11. The init
interaction appears on the same length scale as our mea
ment atl5340, approximatelyr;8d. However, the attrac-
tion grows much more quickly than in the previous case.
r decreases, a sudden shift from attractive to repulsive
havior is observed forr'(4 –5)d, then a shift back. At the
same time, the rate of decrease in the separation goes to
and then reverses slightly. After about 15 s, the force
comes attractive again until the chains coalesce.

The sudden shift from an attractive to repulsive inter
tion at short separation resembles the behavior one w
expect from the MHT model. Quick changes in sign indica
that the interactions between dipolar segments of one c
and the fluctuating field of another play a larger role in t
near field. The interaction is enhanced by the larger am
tude of fluctuations due to the chain length and flexibility

FIG. 9. Measured lateral force with respect to separation of
short chains atl5610. The inset shows lateral separation w
respect to time. The chains exhibit far-field repulsion due to th
stiffness and aligned ends that move them apart at separatior
*3d. An image of the chains is shown in Fig. 8.

FIG. 10. Two chains atl5240. The corresponding force profil
is shown in Fig. 11. The scale bar is 10mm.
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l5240. The separation and force are consistent with ob
vations put forth by Promislow@30#, where chains fluctuated
close to one another for several minutes before finally m
ing contact and zippering together.

To further investigate the sudden instances of attrac
and repulsion at short separations, we perform an experim
where both chains are held by optical traps at a close s
ration ~approximately r53.2d) while the interaction
strength is changed froml5340 to 610. The chains are lim
ited to a range of motion around the fixed position, det
mined by the stiffness of the laser trap. This prevents coa
cence induced by a fluctuation for all but the strong
displacements. Figure 12 shows the force measured with
spect to separation of the chains. Atl5340, the force is on
average attractive at 0.2 pN, but deviates for brief perio

o

ir

FIG. 11. Measured lateral force with respect to separation
two short chains atl5240. The inset shows lateral separation w
respect to time. We observe a sudden switch to a repulsive inte
tion in the near field that resembles the MHT interaction. The bo
region in the inset highlights the point at which the chains begin
move apart, corresponding to the observed repulsion. An imag
the chains is shown in Fig. 10.

FIG. 12. The near-field behavior of two dipolar chains at fix
separation, where both chains are held by optical traps. Al
5340 ~circles! we observe attractive and repulsive interactions t
cause the chains to move together or apart, respectively. Al
5610 ~squares!, the interaction and deviations increase subst
tially, resulting in coalescence, as indicated by the arrow.
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toward stronger attraction or repulsion. The attraction pu
the chains to closer separations, while the repulsion pus
them away. Deviations are on the order ofr'0.2d. As we
increase the interaction tol5610, these deviations becom
stronger and last longer. Sudden shifts from attraction to
pulsion are observed, forcing the separation to change
60.5d. During the last advance toward one another,
chains coalesce, as indicated by the arrow in Fig. 12. In
case, a fluctuation pushed the chains to a separation w
the attractive force was stronger than the trap stiffness.

To summarize our findings, we integrate the forc
separation profiles to find the interaction energies for
three cases described above, as shown in Fig. 13. In thl
5240 case, the repulsion was subtracted to find the ave
attractive interaction. For flexible chains, a long-range int
action is evident, consistent with the HT theory. There
two dominant field dependencies: the first, illustrated by
potentials in Fig. 13, is due to the stiffening of finite chain
As the rigidity of the chains increases, the interaction
comes short ranged with a repulsive barrier. The second
served field dependence is in the near field. As descri
above for two chains held at close separation, higher fi
strengths cause stronger interactions, both attractive an
pulsive, consistent with the MHT model. From these expe
ments we see that the interaction of finite chains
complex—the length of the chains can mediate the stiffn
and the amount that the ends interact. The interaction
depends on whether the chains are in the far or near field
such, no single mechanism or model in the literature
scribes all regimes of lateral chain interaction and suspen
coarsening.

It is important to note that we use monodisperse, magn
cally homogeneous particles, supporting the idea that t
mal fluctuations, and not chain defects alone, can be res
sible for suspension coarsening. Since defects can c
significant distortions in the lateral field, we will conclude b
showing two cases where defects alter the lateral interac
In Fig. 14~a! the end of the top chain interacts strongly wi
a large particle on the otherwise uniform lower chain wh
they are brought together, causing the chains to deflect f
one another. In Fig. 14~b! two coarse chains are brought in

FIG. 13. Average attractive lateral interaction potential forl
5240, 340, and 610. Thel5610 case is expanded in the inset.
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proximity. While the deflection is less dramatic than in t
previous case, the chains do bend toward one another b
much as 0.5d, indicating an attractive lateral interaction.

V. CONCLUSIONS

In this paper, we presented observations on the di
measurement of lateral interactions between dipolar ch
using optical trapping. Lateral interactions govern the lon
time evolution of suspension structure. Several theories
scribe the lateral interaction of chains. Rigid chains are
pected to interact only at short separations, while the HT
MHT theories show that fluctuation-fluctuation an
fluctuation-dipole coupling cause chains to exhibit a lon
range lateral interaction. The dominant mechanism for ch
coalescence depends on several factors, including the
centration regime, the strength of the dipolar interaction, a
the tendency of the system to form defects due to the ag
gation kinetics, particle polydispersity, roughness, or m
netic heterogeneity.

In fact, our direct measurements of the lateral interactio
confirmed this rich variety of behavior. We found that fle
ible chains exhibit a long-range attraction in agreement w
the HT model. However, we observed two major field d
pendencies: a transition to rigid-chain behavior as the dip
strength is increased for short chains, consistent with
stiffness measured by videomicroscopy, and sudden switc
between repulsion and attraction at close separations be
final coalescence. These sudden sign changes, which
crease in intensity with field strength, are consistent with
near-field behavior of the MHT model.

Videomicroscopy and light scattering measurements
the transverse fluctuations of the chains are in good ag
ment with a local-mode analysis of the dynamics. We fi
the the chain stiffness increases withH in agreement with the
HT and MHT models. It is interesting to note that the mea
squared displacement crosses over from diffusive to sub
fusive motion which scales ast0.75, as in semiflexible poly-

FIG. 14. The effects of defects on the lateral interaction.~a! A
single size defect induces a repulsion between two laterally in
acting chains.~b! Multiple defects induce a lateral attraction, cau
ing two coarse chains to bend towards one another. The scale b
10 mm.
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mers. A detailed understanding of this analogous beha
remains to be understood.

The structure, dynamics, and interactions of MR susp
sions are interesting from a fundamental physical point
view. Dipolar interactions occur throughout nature, and
cause of their anisotropy and long range, can give rise
highly interesting and subtle effects, such as long-range
eral interactions between magnetic chains. Of particular
st

on

ys
or

-
f
-

to
t-
-

terest is the dynamical similarities of dipolar chains to frac
colloidal gels and semiflexible polymers.
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